Selections for paraconvex-valued mappings on non-paracompact domains  by Loufouma Makala, Narcisse Roland
Topology and its Applications 159 (2012) 153–157Contents lists available at SciVerse ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Selections for paraconvex-valued mappings on non-paracompact
domains✩
Narcisse Roland Loufouma Makala
School of Mathematical Sciences, University of KwaZulu-Natal, Westville Campus, Private Bag X54001, Durban 4000, South Africa
a r t i c l e i n f o a b s t r a c t
Article history:
Received 19 March 2011
Received in revised form 8 August 2011
Accepted 22 August 2011
MSC:
primary 54C60, 54C65
secondary 54D15
Keywords:
Set-valued mapping
Lower semi-continuous
Selection
Paraconvexity
We prove that Michael’s paraconvex-valued selection theorem for paracompact spaces
remains true for C ′(E)-valued mappings deﬁned on collectionwise normal spaces. Some
possible generalisations are also given.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
For a topological space E , let 2E be the family of all nonempty subsets of E , and F (E) be the subfamily of 2E consisting
of all closed members of 2E . A set-valued mapping ϕ : X → 2E is lower semi-continuous, or l.s.c., if the set
ϕ−1(U ) = {x ∈ X: ϕ(x) ∩ U = ∅}
is open in X for every open U ⊂ E . A set-valued mapping ψ : X → 2E is upper semi-continuous, or u.s.c., if the set
ψ#(U ) = {x ∈ X: ψ(x) ⊂ U}
is open in X for every open U ⊂ E . Equivalently, ψ is u.s.c. if ψ−1(F ) is closed in X for every closed subset F ⊂ E . A single-
valued mapping f : X → E is a selection for ϕ : X → 2E if f (x) ∈ ϕ(x) for every x ∈ X .
Let E be a normed space. Throughout this paper, we will use d to denote the metric on E generated by the norm of E .
Following [9], a subset P of E is called α-paraconvex, where 0 α  1, if whenever r > 0 and d(p, P ) < r for some p ∈ E ,
then
d(q, P ) αr for all q ∈ conv(Br(p) ∩ P
)
.
Here, Br(x) = {y ∈ E: d(x, y) < r}, and conv(A) is the convex hull of A. The set P is called paraconvex if it is α-paraconvex
for some α < 1. A closed set is 0-paraconvex if and only if it is convex. In the sequel, we will use Fα(E) to denote all α-
paraconvex members of F (E) (i.e., all nonempty closed α-paraconvex subsets of E).
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ment. In [7], E. Michael proved that if X is paracompact and E is a Banach space, then every l.s.c. convex-valued mapping
ϕ : X → F (E) has a continuous selection (see, [7, Theorem 3.2′′]). In [9], E. Michael generalized this result by replacing
“convexity” with “α-paraconvexity” for a ﬁxed α < 1, and proved the following theorem.
Theorem 1.1. ([9, Theorem 2.1]) Let X be a paracompact space, E be a Banach space, and let ϕ : X → Fα(E) be an l.s.c. mapping,
where α < 1. Then, the following hold:
(a) ϕ has a continuous selection.
(b) If r > 0 and g : X → E is continuous such that d(g(x),ϕ(x)) < r for all x ∈ X, then there exists δ > 0 and a continuous selection f
for ϕ such that d(g(x), f (x)) < δr, x ∈ X.
It should be remarked that Theorem 1.1 is not true for α = 1. Indeed, V. Klee [6] proved that every subset of an inner-
product space H (in particular, of a Hilbert space H) is 1-paraconvex, while not every l.s.c. mapping ϕ : X → F1(H), from
a paracompact space X has a continuous selection, because in this case, F1(H) = F (H).
Let us now state the main purpose of this paper. Namely, in Section 2, we prove a collectionwise normal version of
Theorem 1.1 (see, Theorem 2.1), thus generalizing [7, Theorem 3.2′] (see also [1]; for alternative proofs, see [4,11]) in terms
of paraconvex sets. In Section 3, we show how our arguments can be used to generalize further some of these results.
2. Collectionwise normality, paraconvexity and selections
Recall that a T1-space X is τ -collectionwise normal, where τ is an inﬁnite cardinal number, if for every discrete collection
D of closed subsets of X , with |D|  τ , there exists a discrete collection {UD : D ∈ D} of open subsets of X such that
D ⊂ UD for every D ∈ D . A space X is collectionwise normal if it is τ -collectionwise normal for every τ . It is well known
that X is normal if and only if it is ω-collectionwise normal. Clearly, collectionwise normality lies between paracompactness
and normality.
In what follows, for a space E , let C (E) = {S ∈ F (E): S is compact}, and C ′(E) = C (E) ∪ {E}. Also, for a normed
space E , we will use the subscript α to denote all α-paraconvex members of C (E) or C ′(E). Finally, w(E) denotes the
topological weight of E .
Theorem 2.1. Let X be a τ -collectionwise normal space, E be a Banach space with w(E) τ , and ϕ : X → C ′α(E) be an l.s.c. mapping,
for some α < 1. Then, the following hold:
(a) ϕ has a continuous selection.
(b) If r > 0 and g : X → E is continuous such that d(g(x),ϕ(x)) < r for all x ∈ X, then there exists δ > 0 and a continuous selection f
for ϕ such that d(g(x), f (x)) < δr, x ∈ X.
To prepare for the proof of Theorem 2.1, we need the following proposition. In the proof of this proposition and what
follows, a set-valued mapping ψ : X → 2E is a multi-selection (or, a set-valued selection) for another set-valued mapping
ϕ : X → 2E if ψ(x) ⊂ ϕ(x), for every x ∈ X .
Proposition 2.2. Let X be a τ -collectionwise normal space, E be a completely metrizable space with w(E)  τ , {Vn: n ∈ N} an
increasing open cover of E, and ϕ : X → C ′(E) an l.s.c. mapping. Then, there exists an increasing closed cover {An: n ∈ N} of X such
that An ⊂ ϕ−1(Vn), for every n ∈ N.
Proof. Since {Vn: n ∈ N} is an increasing open cover of E and E is normal and countably paracompact (being metrizable),
there exists an increasing closed cover {Fn: n ∈ N} of E such that Fn ⊂ Vn , for every n ∈ N. We then have
ϕ−1(Fn) ⊂ ϕ−1(Vn), for every n ∈ N. (2.1)
By a result of Choban and Valov [1] (see also Nedev [11]), there exists a u.s.c. multi-selection ψ : X → C (E) for ϕ . Since
ψ is u.s.c., each ψ−1(Fn), n ∈ N, is closed in X . Since ψ(x) ⊂ ϕ(x), x ∈ X , we have
ψ−1(Fn) =
{
x ∈ X: ψ(x) ∩ Fn = ∅
}
⊂ {x ∈ X: ϕ(x) ∩ Fn = ∅
}= ϕ−1(Fn).
The last inclusion and (2.1) imply that the family {An: n ∈ N}, with An = ψ−1(Fn), is an increasing closed cover of X
such that An ⊂ ϕ−1(Vn), for every n ∈ N. 
Recall that if (E,d) is a metric space, a mapping ψ : X → 2E is d-l.s.c. (resp. d-u.s.c.) if, given ε > 0, every x ∈ X admits a
neighborhood V such that ψ(x) ⊂ Bε(ψ(z)) (resp. ψ(z) ⊂ Bε(ψ(x))), for every z ∈ V . A mapping ψ is said to be d-continuous
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and d-u.s.c. (see, [3]). Every d-continuous or continuous mapping is d-proximal continuous, but the converse is not true
(see, for instance [3, Proposition 2.5]). The following lemma also plays an essential role in the proof of Theorem 2.1.
Lemma 2.3. ([5, Lemma 4.2]) Let X be a τ -collectionwise normal space, E be a Banach space with w(E)  τ , ψ : X → F (E) be a
d-proximal continuous convex-valued mapping, and ϕ : X → F (E) be an l.s.c. convex-valued multi-selection for ψ such that ϕ(x) is
compact whenever ϕ(x) = ψ(x), x ∈ X. Then, ϕ has a continuous selection.
Proof of Theorem 2.1. Let X , E , α, and ϕ be as in that theorem. We ﬁrst prove (b), and then (a).
(b) Since α < 1, there exists γ ∈ R such that α < γ < 1. Then, ∑∞i=0 γ i < ∞ (i.e. the series
∑∞
i=0 γ i converges). So,
take δ such that
∑∞
i=0 γ i < δ. To show that this δ works, by induction, we shall deﬁne a sequence of continuous maps
fn : X → E , n < ω, such that for all n and all x ∈ X ,
d
(
fn(x),ϕ(x)
)
< γ nr, (2.2)
d
(
fn(x), fn+1(x)
)
 γ nr. (2.3)
This will be suﬃcient because by (2.3), { fn: n < ω} is a Cauchy sequence in E which is complete, so it must converge to
some continuous map f : X → E . By (2.2), f (x) ∈ ϕ(x), for every x ∈ X , and by (2.3)
d
(
g(x), fn+1(x)
)= d( f0(x), fn+1(x)
)
 d
(
f0(x), f1(x)
)+ d( f1(x), f2(x)
)+ · · · + d( fn(x), fn+1(x)
)
 r + γ r + γ 2r + γ 3r + · · · + γ nr
= r
n∑
i=0
γ i .
Therefore, d( f (x), g(x)) r
∑∞
i=0 γ i < δr.
Let f0 = g , which satisﬁes (2.2). Suppose that fn has been constructed for some n 0, and let us construct fn+1. Deﬁne
a mapping ψn+1 : X → F (E) by ψn+1(x) = Bγ nr( fn(x)), x ∈ X . Then, ψn+1 is d-proximal continuous (being d-continuous)
and convex-valued. Deﬁne another mapping ϕn+1 : X → F (E) by
ϕn+1(x) = conv
(
ϕ(x) ∩ Bγ nr
(
fn(x)
))
, x ∈ X .
By the inductive assumption, ϕn+1(x) is never empty for every x ∈ X , because fn satisﬁes (2.2) above. Furthermore, by
[7, Propositions 2.3, 2.5, and 2.6], ϕn+1 is l.s.c. and it is clearly convex-valued. Finally, ϕn+1 is a multi-selection of ψn+1 and
ϕn+1(x) = ψn+1(x) implies that ϕn+1(x) is compact. Then, by Lemma 2.3, ϕn+1 has a continuous selection fn+1(x) : X → E
such that
d
(
fn(x), fn+1(x)
)
 γ nr,
which is (2.3). Since ϕ(x) is α-paraconvex for every x ∈ X , and α < γ , we have
d
(
fn+1(x),ϕ(x)
)
 α · γ nr < γ n+1r, for all x ∈ X,
that is, fn+1 satisﬁes also (2.2).
(a) Take β > 1 such that ϕ(x) ∩ Bβ(0) = ∅ for some x ∈ X , where 0 is the origin of E . Let
Vn = Bβn (0), for each n ∈ N.
Then, each Vn is open in E , and the family {Vn: n ∈ N} is an increasing open cover of E . By Proposition 2.2, there exists
an increasing closed cover {Bn: n ∈ N} of X such that Bn ⊂ ϕ−1(Vn), for every n ∈ N. Since X is normal, there are open sets
Un ⊂ X such that Bn ⊂ Un ⊂ Un ⊂ ϕ−1(Vn) and Un ⊂ Un+1, for each n ∈ N. Letting An = Un and following the construction
in the proof of (a) in [9, Theorem 2.1], we get (using (b) above) a sequence of continuous selections fn : An → E for ϕ  An
such that fn+1  An = fn , n ∈ N. Then, the mapping f : X → E deﬁned by f  An = fn , n ∈ N, is a selection for ϕ which
is continuous because each f  Un = fn  Un , n ∈ N, is continuous and {Un: n ∈ N} is an open cover of X . The proof is
completed. 
Remark 2.4. As it was already mentioned, the proof of (a) in Theorem 2.1 follows the proof in Theorem 1.1 (see, [9, Theo-
rem 2.1]). However, the proof in [9] contains a minor gap where the sets An , n ∈ N, were only assumed to be closed rather
than An = Un , for some increasing open cover {Un: n ∈ N} of X . If the condition An = Un , n ∈ N, is not explicitly required,
then the resulting selection f : X → E deﬁned by f  An = fn , n ∈ N, may fail to be continuous. An example of such a
situation is given by the function f (x) = sin(1/x), 0< x 1, f (0) = 0 and An = {0} ∪ [n−1,1].
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By [9, Corollary 2.2], if X is paracompact, A ⊂ X is closed and Y is a closed paraconvex subset of a Banach space E ,
then every continuous g : A → Y can be extended to a continuous f : X → Y . According to Dowker’s extension theorem [2],
this implies that the same remains valid for X being only collectionwise normal. As a rule, the theorems for the existence
of continuous selections for l.s.c. mappings originated as a natural generalisation of extension theorems, see Michael [7,8].
In view of the above, this brings the question for a more natural setting of Theorem 2.1. Namely, given 0  α < 1 and a
closed α-paraconvex set Y of a Banach space E , let Cα(Y ) = {S ∈ Cα(E): S ⊂ Y } and C ′α(Y ) = Cα(Y ) ∪ {Y }. Since Y is
α-paraconvex, each member of C ′α(Y ) is also α-paraconvex, so it is in a good accordance with the families Fα(E) and
C ′α(E). The following question was posed to the author by V. Gutev.
Question 3.1. Let X be a τ -collectionwise normal space, E be a Banach space, 0 α < 1, and Y be a nonempty α-paraconvex
closed subset of E , with w(Y ) τ . Then, is it true that every l.s.c. ϕ : X → C ′α(Y ) has a continuous selection?
To resolve Question 3.7, one can try to follow the proof of (b) of Theorem 2.1. A particular diﬃculty to do this is that
even to take f0 : X → Y and construct f1 in a similar way, some values of f1 may already go out of the set Y .
For an inﬁnite cardinal number τ , a T1-space X is called τ -paracompact if every open cover U of X , with |U | τ , has
a locally ﬁnite open reﬁnement. In the special case of τ = ω, an ω-paracompact space is called countably paracompact. In
contrast to paracompactness, there are τ -paracompact spaces which are not normal. Of course, a space is paracompact if
and only if it is τ -paracompact for every τ .
It is well known that if X is τ -paracompact and normal, E is a Banach space, with w(E) τ , then every l.s.c. convex-
valued mapping ϕ : X → F (E) has a continuous selection (see, [10]). Using exactly the same proof as for the case of
paracompact spaces and the above fact, one gets the following theorem.
Theorem 3.2. Let X be a τ -paracompact and normal space, E be a Banach space, with w(E) τ , and let ϕ : X → Fα(E) be an l.s.c.
mapping, where α < 1. Then, the following hold:
(a) ϕ has a continuous selection.
(b) If r > 0 and g : X → E is continuous such that d(g(x),ϕ(x)) < r for all x ∈ X, then there exists δ > 0 and a continuous selection f
for ϕ such that d(g(x), f (x)) < δr, x ∈ X.
In the special case of τ = ω, the above theorem implies the following consequence.
Corollary 3.3. Let X be a countably paracompact and normal space, E be a separable Banach space, and let ϕ : X → Fα(E) be an
l.s.c. mapping, where α < 1. Then, the following hold:
(a) ϕ has a continuous selection.
(b) If r > 0 and g : X → E is continuous such that d(g(x),ϕ(x)) < r for all x ∈ X, then there exists δ > 0 and a continuous selection f
for ϕ such that d(g(x), f (x)) < δr, x ∈ X.
Note that in Theorems 1.1 and 2.1, α is a ﬁxed constant. Regarding this, the following question is naturally raised: do
both theorems remain true if to each x ∈ X , there corresponds an α(x) < 1 (possibly different for different x) for which ϕ(x)
is α(x)-paraconvex? A ﬁrst attempt in answering the above question was proposed by P. Semenov [12], who generalized
[9, Theorem 2.1] by replacing the constant α by a function h : (0,+∞) → [0,1) satisfying a certain property (PS).
Theorem 3.4. ([12]) Suppose that a function h : (0,+∞) → [0,1) has property (PS), X is a paracompact space, and E is a Banach
space. Then, every l.s.c. mapping ϕ : X → F (E) whose values are h-paraconvex has a continuous selection.
Here, for an arbitrary function H : (0,∞) → [0,1), a functional sequence {Hn: n < ω} is deﬁned such that
H0(t) = 1; and Hn+1(t) = H
(
Hn(t)t
) · Hn(t), n < ω.
A function h : (0,+∞) → [0,1) has property (PS) if there is a function H : (0,+∞) → [0,1) strictly dominating h and
such that the series
∑∞
n=0 Hn(t) converges for all t > 0. For a function h : (0,+∞) → [0,1), a closed nonempty subset P
of a Banach space (E,d) is called h-paraconvex if for any open ball B of radius r that intercepts the set P and for any
point q ∈ conv(P ∩ B), then d(q, P ) h(r)r. A closed nonempty subset of a Banach space is said to be functionally paraconvex
if it is h-paraconvex for some function h : (0,+∞) → [0,1) (see, [12]). Using the technique in the proof of Theorem 2.1,
the following result is easily proved.
Theorem 3.5. Suppose that a function h : (0,∞) → [0,1) has property (PS), X is a τ -collectionwise normal space, and E is a Banach
space with w(E) τ . Then, every l.s.c. mapping ϕ : X → C ′(E) whose values are h-paraconvex has a continuous selection.
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Theorem 3.4 obviously implies Theorem 1.1, while Theorem 2.1 is a consequence of Theorem 3.5.
Theorem 1.1 remains true for arbitrary domain X , provided that the continuity of ϕ : X → Fα(E) is strengthened to
d-continuity; that is, the following holds.
Theorem 3.6. Let X be a topological space, E be a Banach space, and ϕ : X → Fα(E) be a d-continuous mapping, for some 0 α < 1.
Then, ϕ has a continuous selection.
It is unclear whether the above theorem holds when one further relaxes the continuity of the mapping ϕ to d-proximal
continuity. The following question was posed to the author by V. Gutev.
Question 3.7. Let X be a topological space, E be a Banach space, and ϕ : X → Fα(E) be a d-proximal continuous mapping,
for some 0 α < 1. Then, is it true that ϕ has a continuous selection?
Question 3.7 is open even for the special case of continuous set-valued mappings.
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